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1. INTRODUCTION 



In [21IH1 we gave a number of formulas for qKdV equations derived in a q-Virasoro context. 
The constructions were meaningful even though the cocycle terms did not visibly satisfy 
a Jacobi identity. In the present note we modify the framework slightly and produce a 
cocycle term (morally equivalent to one of those used in [21 13] ) and thereby exhibit a more 
convincing candidate for a canonical qKdV equation. It remains to see how this is connected 
to the qKdV equation from the hierarchy picture. For background on q-analysis etc. we 
refer to [I]. 

2. BACKGROUND 

We recall first from [21 El 03 E] the following information regarding q-Virasoro construc- 
tions. Thus work on S 1 with (q ^ 0, ±1) 

m—1 r 



(2-1) d q z = ^— ±- = [m] = 2 

(q-q L z q-q 

We adapt the formalism of [H] as follows. Let D n = —z n+1 d with d : z m — > q m [m]z m so 
d ~ d q r where rf(z) = f(qz). Generally we will think of z = e ie G S 1 so (I /2m) J gl z n dz = 
(1/2tt) / z n+1 dd = £(_i i0 ) which will be written as (Al) J z n = tf(_i, ). Write also (A2) t n ~ 
D n = —z nJrl d q T (we used D n ~ — l n in [21 [HI - this produces a few sign changes there but 
does not affect any basic conclusions). It is known that q-brackets are needed now where 

(2.2) \^-mi^n\q — Q f-m^n Q ^n^m — \fR> ^JAra+n 

For a central term in a putative Vir q one wants (cf. [21 El El El) a formula (A3) c[m + 
1] [m][m— l](5 m + m o (see below for an optimal term). First we want to formulate the q-bracket 
in terms of vector fields as follows (the central term will be added later in a somewhat ad 
hoc manner). This can be done as a direct calculation using the basic definition of d above 
(cf. also ()3.1|) below). Thus 

(2.3) [z n 8, z m d] q ~ q n - m z n d(z m d) - q m - n z m d{z n d) = 

= [q n [m] - q m [n))z m+n - l d = [m - n]z m + n ~ l d = [n - m^-z^^d) 
Let now v ~ ^ a n z n and w ~ ^ b m z m ; then we define a bracket in Vec^S 1 ) via 

(2.4) [vd,wd] q = -^a n 6 m [n-m]z m+n - 1 a 
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We defined a bracket of vector fields in [21 El so that from (|2.4j) there resulted a correspon- 
dence 

(2.5) v'w — vw' ~ — [vd x , wd x ] ~ — [vd, wd] q = — {(Tv)(d q w) — {Tw){d q v)}r 

This dangling t created some complications in further calculation however and is removed 
below in the new formulation. 

REMARK 2.1. In [3] one defines the q-analogue of the enveloping algebra of the Witt 
algebra 2B as the associative algebra lt g (2B) having generators £ m (m G Z) and relations 
(|2.2|) . The q-deformed Virasoro algebra is defined as the associative algebra il q (Vir) having 
generators £ m (m S Z) and relations (q ^ root of unity) 

(2.6) q m ~ n e m £n ~ q n - m l n £m =[m- n]£ m+n + 5 m+nfi [ ™ + 1^ ~ 1] c 

where < m >= q rn + q~ m and c£ m = q 2m £ m c (thus c is an operator which we examine below 
and we refer to (21 El El E] f° r the central term). Then il q (Vir) ~ Vir q is a Z graded algebra 
with deg(£ m ) = m and deg(c) = 0. One also introduces in [3] a larger algebra ii(V q ) = 
associative algebra generated by J , c, d m (m € Z) with relations 

(2.7) JT X = J -1 J = 1; Jd m J~ l = q m d m ; cJ = Jc; cd m = q m d m c; 

m i r t n r > t r i . r [m + 1] [ml [m — 1] A 

g d m d n J - q d n d m J = [m - n\d m+n + <) m+n ,o — roiro1 c 

[2J[3J < m > 

The subalgebra of il(V^) generated by £' m = d m J and c' = cJ (m £ Z) is the same as 
ii 9 (Vir). It is stated in jS] that is the universal quantum central extension of 2U g and 
thus (|2.7j) is better adapted for optimal algebraic and geometric meaning; it is this aspect 
which we emphasize in this paper. ■ 

In [21 E] we constructed various forms of qKdV based on £ m and (|2.6D but will now redo 
some constructions in terms of d m , c, and J ±l in hopes of producing a genuine cocycle. 
Recall we had constructed various pseudo-cocycles in the form (omitting multiplicative 
factors of q) 

(2.8) ^fd,gd) = J (Td 3 f)(rgy, = J (rg)r{d 2 T 2 {T + r^y 1 dr^ f ■ 

i>"(fd,gd)= JirgXT-Wir + T- 1 )-^ 2 /); ^'"(fd,gd)= J \rg)(r(T~ 5 d^ 1 f) 

where T = (q -1 T + qr~ l ). We recall also from jS] 

(2.9) [d m ,(i n ] — Jd m J d n J Jd n J d m J — 

— Q d m d n J q d n d m J — q Jd m d n q Jd n d m 

Further cd m = q m d m c suggests c = r here. Indeed we first correct the definition of d n 
from 6 since d m is being used as l m i . Dropping the minus sign momentarily, from 
£ m = z m+1 d q T we get then (A4) d m = z m+1 d q . Then, using (A5) d q r = qrd q , one obtains 
Td m = T(z m+l d q ) = q m z m+1 d q T and T~ x d m = q- m d m T~ x . In addition JdmJ- 1 = q m d m 
corresponds to Jd m = q m d m J so we identify J = r. Writing £ m = d m J = d m T we can 
also easily see that the brackets [d m ,d n ] above are exactly the q-brackets (A6) [£m,£ n ]q = 
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Now in [0] a Jacobi type identity is used involving an operator cr(x) = (l/2)(r+r~ 1 )(x) for 
x € ®Cd n . This seems to be better phrased in terms of an operator (A7) T(d p ) =< p > d p 
which avoids the need to carry r around otherwise. Then we can check that the rule in 
(J2Hj), rewritten as (A8) [dm, d n \ = [m - n]d m+n + r y m 5 m+nfi c will yield 

(2.10) [[d m ,d n ],T(d p )] + [[d n ,dp],Y(d m )] + [[d p ,d m ],T(d n )] = H m ,n iP = 
This is based on two identities; one, stated in [2J, is 

(2.11) [m — n][m + n — p] < p > +[n — p][n + p — m] < m > +[p — m][p + m — n] < n >= 
The second is 

(2.12) [p + 1] [p] [p - 1] [m - n) + [m + 1] [m] [m - l][n - p}+ 

+ [n + 1] [n] [n — 1] [p — m] = 0; (m + n + p = 0) 

The first proof is straightforward and for the second we note that one can write it in the 
form 

(2.13) [m + l][m][m — l][2n + m] — [m + n — l][m + n][m + n + l][m — n] — 

- [n + 1] [n] [n - 1] [n + 2m] = 
we recall < p >= q p + and the trick is to rewrite (|2.13|) in the form 

(2.14) [(< 2m + 1 > - < 1 >)(< 2n + 2m - 1 > - < 2n + 1 >)]- 
-[(< 2m + 2n - 1 > - < 1 >)(< 2m + l>-<2n + l >)]- 

-[(< 2n + 1 > - < 1 >)(< 2n + 2m - 1 > - < 2m + 1 >)] = 
(the following by a simple calculation). Now to prove (|2,1U|) we write e.g. 

(2.15) [[d m , d n ],<p> dp] = [[m - n]d m +n + ^ m 5 m +nflC, < p > d p ] 

and note that c = r ~ d so from (|2.9|) [c, d p ] = q°Td p T - q p d p T 2 = q p (l — l)(d p T 2 ) = 0. 
Hence we get 

(2.16) z>m,n, P = [[m - n]d m+n , <p> d p ]+ 

+[[n - p]d n+p , < m > dm] + [[p - m]d p+m , <n> d n ] 
Reversing the bracket order, there will be terms 

(2.17) ([m — n] < p > [p — m — n} + [n — p] <m> [m — n — p] + 

+ [p -m] <n> [n-p-m]) d p+m+n 
which vanishes by ()2.11|l . and 

(2.18) ([m - n] < p > j p + [n - p] < m > 7 m + [p - m] < n > j n ) 5 p+m+nfi c 

which is zero by (|2.12j) . This shows that (12.10(1 will hold and V q will be a genuine central 
extension of 2U g , with a reasonable Jacobi identity (|2.10|) . 
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3. COCYCLES 

The cocycle search involved finding ijj(fd,gd) where d ~ d q r and we gave some pseudo- 
examples ip', V>W in Now in (J23J) - we recall £ m z m+1 <9 = -z m+1 a g r 

and a d m formulation would drop the r. Thus work with instead of d = d q r with 
(A9) d qZ P +1 = qP +1 zP +1 d q + [p + \\zPt~ 1 based on d q f = {jf)d q + (d q f)r- 1 . Then 

(3.1) [d m , d n ] = [z m+1 8 q , z n+1 8 q ] = q m d m d n T - q n d n d m r = q m z m+1 8 q z n+1 8 q T - 

-q n z n+1 d q z m+1 d q T = [n- m}z n+m+1 d q = [m - n]d m+n 

In this context the <5 m + n ,o term does not arise. Note here r~ 1 d q = qdqT^ 1 and (A10) q m+1 [n+ 
1] — q n+1 [m + 1] = [n — m]. Let now v ~ Yl v n+iz n+1 and w = ^ w m+ iz m+1 ; then 

(3.2) [vd q ,wd q ] = Vn+ldn, ^ Wm+ldm] = ^ V n+ lW m +l [dn, d m ] = 

= v n+l w m +i [n - m]z n+m+1 d q 
Going back to (|3.1() this corresponds then to 

(3.3) [vdq,wd q ] = [(Tv){d q w) - (Tw){d q v)]d q 
and this is exactly 1)2. 5 Jl but with the offending r removed. 



Now try to build in a cocycle term automatically by using ()2.7j) in ()3.1)) so that a term 
arises of the form 

(3.4) [z m+1 d q , Z n+l d q ] = [d m , d n ] = [m- n]d m +n + 7m<Wn,0T 

For [vd q , wd q ] we get then an additional term 

,„ K s x [n+ l][n][n - l]r 

(3.5) 2^ Vn+iw m+ i7 n 5 m+ni0 r = 2^ v n+1 w- n+1 — <n> ^pj — 

Now consider integrals involving u; and 

(3.6) (d 3 q v) = vn+i [n + 1] [n] [n - l]z n ~ 2 

over S 1 . If we write (r + T~ 1 )z n = (q n + q~ n )z n =< n > z n then look at 

(3.7) (d q (T + T ) [d q V)) = 2_^ v n+l ~ Z = ^ V n+1 ~/Z 

\ TL Js> 

This starts to resemble ip" in ()2.9j) . Then for a = 1/ [2] [3] 



(3.8) a f w(d 2 q (r + r" 1 )- 1 ^)) = J £ 



■w m+ ii; ri+ i2; m+n Sn 



= ^ U n +l™-n+l7n = 4>(vd q ,wdq) 

which agrees with 1)2.81) . Consider cj){wdq,vdq) with, for n — » — n, (All) ]T) w n+ iV- n+ ij n T = 
— v n+i w -n+iln T since 7_ ra = — 7 n . Hence (ft is antisymmetric. For a Jacobi condition we 
go to (12TTI1) and consider (cf. HE]) 

(3.9) (j){[vdq,wd q ],Y(ud q )) + 0([w9 g , -u<9 ? ], T(vd q )) + u<9 ? ], r(w<9 g )) = T(u,v,w) 
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Since 4>(vd q ,wd q ) = —(j>(wd q ,vd q ) we can reverse all brackets and consider 

(3.10) T(ud q ) ~ ]Tu p+1 < p > [vd q ,wd q ] ~ ^^ n+1 ^ m+1 [n - mK+™ +1 <9 9 ; 

a5g (r + r _1 ) _1 9 ? n = ^ -u p +i7 P z p ~ 2 

Then (|3~H)l gives 

(3.11) <f>({vd q ,wd q ],r( u d q )) = -0(r(«s,), = 

= - y < P > *VK7p2 p - 2 J] - m]z n+m+1 = 

= - '^2 < P > l P [n - m]u p+ iv n+ iW m+ iS m +n+p,0 

Similarly for each Up+iUn+i^m+i we w iU have contributions with coefficients [n — p] < m > 
j m and [p — m] < n > 7 n (cf. (|2.18|l ). the sum of which is zero by (|2.L2|) . Consequently 

THEOREM 3.1. The term (f>(vd a ,uud q ) in Q3.8|) is a cocycle and following the constructions 
in [21 El one has a possibly canonical qKdV equation in the form (a = l/[2][3]) 

(3.12) u t + dd 2 q {r + T' l )- l d q u + d q {uTu) + T- l ud q T~ l u 

Proof. We modify slightly the constructions in [21 El and take a duality expression 



(3.13) < (vd q , a), (u, c) >= J vu + ac 
(cf. pP). Then write 

(3.14) q < [fd q ,a),(gd q ,b)],(u,c) >= -q J [fd q ,gd q ]u + cq(p(fd q ,gd q ) 

= -q f [(rf)(d q g) - (rf)(d q f)}u + caq f gd 2 Jr + T^d^f 



We note from (2J that (A12) q f fg = f r _1 /r _1 5 and / d q f = while from (A13) d q (gfu) = 
d q fT~ 1 (fu) + (rg)d q (fu) (vi&d q (ab) = (Ta)d q b+(d a )T^ 1 b). The first term in (|3.14|) becomes 
then 

(3.15) -q J u(rf)d q g = -q f d^ 1 {tut 2 f) = 

= q J Tgd q (TUT 2 f) = J gT^d^TUT 2 f) 
Consequently (|3.14|) becomes 

(3.16) J g[T- l d q (TUT 2 f) + T~\ud q f) + aqcd 2 (T + T^y'dJ] 

Putting / = u we obtain the Euler equation as in [2101, namely 

(3.17) qut = —qcad 2 (T + T~ 1 )~ 1 d q u — T~ 1 d q {TUT 2 u) — T~ 1 (ud q u) 
Using also T~ 1 d q = qd q T~ l we obtain (|3.12|) with d = ac. QED 
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REMARK 3.1. One notes that (|XT2|) is morally equivalent to (4.19) in Theorem 4.3 
of [2] since tp" ~ (ft in the more tightly constrained framework of 2 . Further in view of 
the expression (A14) (r + r -1 ) -1 ~ r^(— l) n r 2n the equation (|oM2[) involves an infinite 
number of terms (much as are indicated for qKdV in the hierarchy picture in [2J|3]. Since we 
now have a derivation with all of the classical algebraic and geometrical structure duplicated 
it seems that 1)3.12(1 could be a good candidate for a canonical form. Since the hierarchy 
qKdV is surely equally canonical one could anticipate an equivalence. However the KdV 
equation arises in many different ways in mathematics and physics and some caution should 
be employed in asserting that any particular form is canonical. ■ 
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